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INTRODUCTION
Harmonic differential quadrature [1, 2] is a new development of the differential quadrature (DQ) [3] [4] [5] [6] , which has been used successfully to solve a variety of problems. Harmonic differential quadrature chooses harmonic functions as its test functions instead of polynomials as in the differential quadrature and has been found especially efficient for problems with periodic behaviors [1, 2] . Chen and Yu [7] pointed out earlier that the weighting coefficient matrices of DQ method possess centrosymmetric and skew centrosymmetric structure if the grid spacing is symmetric. And a new type matrix, called the skew centrosymmetric matrix, was introduced in that paper.
In the present study, it is found that the weighting coefficient matrices of HDQ has similar structure to the DQ method if the grid spacing is symmetric. It is known that the properties of centrosymmetric matrices can be used to factorize its determinant and characteristic equations into two smaller size sub-matrices [8] . Therefore, the computational effort of the HDQ method can be further reduced up to 75 per cent by using the properties of the centrosymmetric and skew centrosymmetric matrices. The free vibration of rectangular plate is investigated to show the efficiency of the HDQ method by using the centrosymmetric behavior. For completeness, we also discuss briefly the behaviors of both the centrosymmetric and skew centrosymmetric matrices and found that they possess similar properties. Finally, some conclusions are drawn based on the results reported herein.
CENTROSYMMETRIC AND SKEW CENTROSYMMETRIC MATRICES
The following states some known properties of centrosymmetric matrix only for odd order without proofs [8] , since the HDQ method usually uses the odd number of grid points. The structural properties of skew centrosymmetric matrix is analyzed. Proofs for skew centrosymmetric matrices are similar as those for centrosymmetric matrix, so they are omitted herein for brevity. 
or skew symmetric if As can be observed from the foregoing Lemmas. the calculation of the eigenvalues and eigenvectors of a centrosymmetric matrix be reduced to those of two smaller matrices, which expedites the computational effort by nearly 75%. For skew centrosymmetric matrices, we find that there are similar computational reduction effects for the eigenvalue
THE CENTROSYMMETRIC AND SKEW CENTROSYMMETRIC STRUCTURE OF WEIGHTING COEFFICIENT MATRICES IN THE HDQ METHOD
The essence of the harmonic differential quadrature method is that the derivative of a function, with respect to a variable at a given discrete point, is approximated as a weighted linear sum of the function values at all discrete points. Consider a function f(x) of one variable in the domain (0,1) with N discrete grid points, a harmonic differential quadrature approximation at the ith discrete point is given by 
where matrix w (m) denotes N×N weighting coefficient matrix. m is the order of the derivative, matrix H is determined by the harmonic test functions (12) and the grid spacing. 
The grid spacings usually used are symmetric such as equally spaced grid points and unequally spaced ones adopting the roots of the shifted Legendre or Chebyshev polynomials. If we choose symmetric grid spacings, i.e.,
it can easily proven that the product H 
EXAMPLE
The approach for applying boundary conditions presented by Wang and Bert [6] is used in this paper. According to the method [6] , the weighting coefficient matrices will be modified in terms of boundary conditions. It is straightforward that such coefficient matrices are also centrosymmetric if the boundary conditions are symmetric. Consider the transverse vibration of a thin rectangular SS-SS-SS-SS plate and SS-C-SS-C plate, where C and SS denote clamped and simply supported boundary conditions, respectively. Let HDQ with a rather small number of grid points can produces very good result. For square SS-SS-SS-SS plate, five grid points are used and the HDQ results for the fundamental frequency of ϖ =π and for the 2nd frequency of ϖ=2π are coincident with exact solutions.
For SS-C-SS-C plate, we use eleven grid points and list some HDQ results in table 1 which are coincident with HDQ solutions [2] and very close to those of Leissa [9] , while the computational effort in this paper is reduced to only about 1.6% as much as that in reference [2] . This computational savings is achieved by using centrosymmetric properties of the HDQ weighting coefficient matrices (Lemmas 2 and 3 in section 2). We computes only a (N 2 -2)/4×(N 2 -2)/4 matrix for the present case. In contrast, references [2] need to solve a (N 2 -2)×(N 2 -2) matrix. But it is regret that the reduced method is only available for problems with systemic boundary conditions. For all other examples with sysmetic boundary given in reference [2] , we obtain the same results by this reduced HDQ method.
It is known that when more grid points is used, the accuracies of HDQ results can be improved. Unlike the DQ method, the HDQ method have not limitation for the number of grid points. But for more grid points computing effort increases rapidly especially for multi-dimensional problems. Thus, the present reduced method will be significant in practice. In subsequent papers, we will give more complex examples by using the present reduced HDQ method to show its affective computational savings.
CONCLUSION
The present work furthers the knowledge and understanding of harmonic differential quadrature. The primary contributions of this research are of finding the centrosymmetric and skew centrosymmetric structure of weighting coefficient matrices of harmonic differential quadrature and of discussing some properties of a new type matrix, skew centrosymmetric matrix. The centrosymmetric and skew centrosymmetric matrices have factorization properties which reduce significantly the computational complexity of eigenvalue and eigenvector calculations. Therefore, the present work makes HDQ more efficient for practical engineering application. 
